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a b s t r a c t

Categorical relationships between objects are encoded as overlapped neural representations in the
brain, where the more similar the objects are, the larger the correlations between their evoked
neuronal responses. These representation correlations, however, inevitably incur interference when
memories are retrieved. Here, we propose that neural feedback, which is widely observed in the brain
but whose function remains largely unknown, contributes to disentangle neural correlations to improve
information retrieval. We study a hierarchical neural network storing the hierarchical categorical
information of objects, and information retrieval goes from rough-to-fine, aided by the push–pull
neural feedback. We elucidate that the push and the pull components of the feedback suppress the
interferences due to the representation correlations between objects from different and the same
categories, respectively. Our model reproduces the push–pull phenomenon observed in neural data
and sheds light on our understanding of the role of feedback in neural information processing.

© 2022 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Information processing in the brain exhibits a feedforward
ayered structure, which enables the neural system to extract
bject features from simple to complex, layer by layer, and this
as motivated the development of deep neural networks (DNNs)
idely used in AI applications (LeCun, Bengio, & Hinton, 2015).
owever, the experimental data has revealed that in addition to
eedforward connections, there exist abundant feedback connec-
ions in the neural pathways, whose number is even larger than
hat of the former (Sillito, Cudeiro, & Jones, 2006). The impor-
ance of neural feedback has been widely recognized in the field,
nd several theories were proposed to speculate its potential
omputational functions. For instance, the theory of analysis-by-
ynthesis proposes that neural feedback, in coordination with
he feedforward processing, enables the neural system to recog-
ize an object in an interactive manner (Lee & Mumford, 2003),
here the feedforward path extracts object features from exter-
al inputs, and the feedback path generates hypotheses about
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the object identity; the interplay between two pathways accom-
plishes the recognition task. The predictive coding theory has the
similar idea, which assumes that the feedback path predicts the
output of the feedforward one (Rao & Ballard, 1999). Although
these theories are inspirational, we still lack a clear picture eluci-
dating the detailed computations performed by neural feedback.
These include, for instances, what type of object information is
conveyed by neural feedback from higher to lower layers, and
how this information interacts with the feedforward informa-
tion to facilitate object recognition. Answering these questions
not only addresses neuroscience concerns, but also inspires the
further development of DNNs.

Our study on neural feedback is inspired by an experimental
finding which unveils a salient feature of neural feedback in the
visual system, called the push–pull phenomenon (Chen, Wang,
Liang, & Li, 2017; Chen et al., 2014; Gilad, Meirovithz, & Slovin,
2013). Fig. 1A presents the population activity of neurons in the
primary visual cortex (V1) when a monkey was carrying out a
contour recognition task (Gilad et al., 2013). It shows that the
neural population activity increased at the early phase after the
onset of the stimulus, displaying the push phenomenon; and it
decreased at the late phase, displaying the pull phenomenon. In
the push phase, the contributions of the external feedforward
input and feedback were mixed, but causality analysis revealed

that a feedback component from higher cortex to V1 indeed
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xists (Chen et al., 2017). In the pull phase, multi-unit recording
onfirmed that there was a strong negative feedback from higher
ortex (Chen et al., 2014). Overall, the neural feedback during
bject recognition exhibits the push–pull characteristic, being
irst push and then pull. Moreover, when no contour information
i.e., a random background image) was presented to the monkey,
he pull phenomenon was weakened significantly.

Why does the neural feedback exhibit the push–pull charac-
eristic? To address this question, let us first review two funda-
ental issues concerning object recognition in the brain. The first

ssue concerns the rough-to-fine procedure, namely, the brain
irst perceives the higher categorical information of an object
efore recognizing its lower categorical information. This phe-
omenon has been widely observed in experiments. For instance,
ugase, Yamane, Ueno, and Kawano (1999) found that the higher
ategorical information of a face, such as being monkey or human,
as processed earlier than the detailed information about the
xpression of the face, such as being happy or sad, in the temporal
ortex. It is supposed that the subcortical pathway and/or the
orsal pathway mediate the rapid recognition of the higher cat-
gorical information of an image (see more in Discussion). Given
hat neural object recognition goes from rough to fine and that
igher categorical information can enhance the retrieval of lower
ategorical information, it is reasonable to assume that the neural
eedback conveys the higher categorical information of an object
rom higher to lower layers.

The second issue concerns a critical computational challenge
or object recognition in the brain. Object recognition, in essence,
s to discriminate the categories of objects based on their sim-
larity/dissimilarity either at the image level or in the semantic
ense. The categorizations of objects are organized hierarchically,
n the sense that objects belonging to the same category are more
imilar than those belonging to different ones. A large volume
f experimental studies has revealed that the brain encodes the
imilarities between objects using overlapping neural represen-
ations, in the sense that the higher the similarity between the
bjects, the larger the correlation between their evoked neuronal
esponses (Carlson, Simmons, Kriegeskorte, & Slevc, 2014; Con-
olly et al., 2012; Edelman, 1998; Kriegeskorte & Kievit, 2013;
riegeskorte et al., 2008; Mur et al., 2013; Yamins et al., 2014).
or instance, it was found in monkeys that neuronal responses in
4 and IT for objects belonging to the same category have larger
orrelations than those belonging to different categories (Yamins
t al., 2014). However, it is also a well-known fact that a biologi-
ally plausible recurrent neural network has difficulty to retrieve
orrelated neural representations (Hertz, Krogh, & Palmer, 2018).
n the classic Hopfield model, it has been shown that once mem-
ry patterns are slightly correlated, the retrieval performance
f the network is deteriorated dramatically (Hertz et al., 2018).
otably, this correlation interference is not intrinsic to biological
eural networks, as it is due to the fact that neural circuits utilize
euronal connections for both information encoding and informa-
ion retrieving, the so-called in-memory computing (Xia & Yang,
019). Given that neural correlations are essential to encode the
ategorical relationships between objects, it prompts a question
s how the neural system avoids correlation interference in order
o retrieve information reliably.

In this paper, we argue that a computational role of neural
eedback is to convey the higher categorical information of an
bject extracted at higher layers to lower layers, which enhances
he retrieval of the lower categorical information of the object.
o achieve this goal, the neural feedback needs to have push and
ull components, which account for suppressing the interferences
ue to neural correlations from different and the same categories,
espectively. To demonstrate this idea, we study a hierarchical
eural network which stores the hierarchical categorical infor-
ation of objects, as illustrated in Fig. 1C and B, respectively.
350
We investigate the optimal forms of the push and pull feedback
components, elucidate their roles on disentangling neural corre-
lations, and demonstrate that the push–pull feedback improves
the network retrieval performance significantly. Our model re-
produces the push–pull phenomenon observed in neural data and
sheds light on our understanding of the functions of feedback
in neural information processing. The preliminary results of this
study were reported in Liu et al. (2019).

2. A network model for hierarchical information retrieval

To get insight into understanding the role of neural feedback,
we consider a hierarchical neural network which stores hierar-
chical memory patterns, and memory retrieval is described by
the Hopfield model. This network model is simple enough for us
to pursue the theoretical analysis, but meanwhile captures the
nature of information retrieval in a neural network.

The network we consider consists of three layers (Fig. 1C),
with each layer having the same number of neurons. Denote the
state of neuron i in layer l at time t as xli(t) for i = 1, . . . ,N
nd l = 1, 2, 3, which takes the values of ±1, the symmetrical

recurrent connections from neuron j to i in layer l as W l
ij, the

eedforward connections from neuron j of layer l to neuron i in
ayer l + 1 as W l+1,l

ij and the feedback connections from neuron j
f layer l + 1 to neuron i of layer l as W l,l+1

ij .
The input received by neuron i in layer l is given by (only the

esult for layer 1 is shown, and the results for other layers are
imilar),
1
i (t) =

∑
j

W 1
ij x

1
j (t) +

∑
j

W 1,2
ij x2j (t) + Iext,1i , (1)

hich includes the recurrent current from neurons in the same
ayer, the feedback current from neurons in the higher layer, and
he external input.

The dynamics of a neuron follows the Hopfield model (Hop-
ield, 1982), which is written as
l
i(t + 1) = sign

[
hl
i(t)

]
, (2)

here the function sign(h) = 1 for h > 0 and sign(h) = −1
therwise.
We generate synthetic patterns with hierarchical correlations

o study memory retrieval theoretically (Parga & Virasoro, 1986).
hree generations, from child, to parent, and to grandparent,
re considered (Fig. 1B). Denote {ξα

} for α = 1, . . . , Pα the
randparent patterns, {ξα,β

} for β = 1, . . . , Pβ the patterns of
arents β who are descendants of grandparent α, and {ξα,β,γ

} for
= 1, . . . , Pγ the patterns of children γ who are descendants

f parent (α, β), where Pα, Pβ , and Pγ are the number of grand-
arent patterns, the number of parent patterns belonging to the
ame grandparent, and the number of child patterns belonging
o the same parent, respectively. The details of generating these
ierarchical memory patterns are described by Eqs. (A.1)–(A.3)
n Appendix A. Overall, these stochastically generated patterns
atisfy the hierarchical categorical relationships, in the sense
hat patterns in the same group have stronger correlation than
hose belonging to different groups. For example, the correlation
etween sibling patterns belonging to the same parent is given
y

∑
i ξ

α,β,γ ξα,β,γ ′

/N = b21, where 0 < b1 < 1; the correla-
ion between cousin patterns belonging to different parents but
haring the same grandparent is given by

∑
i ξ

α,β,γ ξα,β ′,γ ′

/N =
2
1b

2
2, where 0 < b2 < 1 is a parameter specifying the cor-

elation between the parents from the same grandparent; and
he correlation between two child patterns belonging to different
randparents is given by

∑
i ξ

α,β,γ ξα′,β ′,γ ′

/N = 0. They satisfy
he hierarchical relationship, i.e., b21 > b21b

2
2 > 0. Other correlation

elationships can be obtained similarly (see Appendix A).
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Fig. 1. The push–pull phenomenon and the model structure. (A) The push–pull phenomenon of neuronal responses observed experimentally. Adapted from Gilad
et al. (2013). Data recorded by calcium imaging at V1 of an awake monkey. The visual stimulus is a contour embedded in noise, which is onset at t = 0. The blue
urve shows the change of neural response over time, which increases at the early phase and decreases at the late phase. The red curve represents the response
hen a random image was presented to the monkey, and the green curve the condition of no visual stimulus. (B) A branching tree displaying the hierarchical
ategorical relationships of three-level memory patterns, referred to as the grandparents ξα , the parents ξα,β , and the children ξα,β,γ , respectively, where α, β and
are indexes indicating the grandparent, parent and child labels of the patterns. The details of generating these hierarchical memory patterns are described in

ppendix A. (C) A three-layer network storing the hierarchical memory patterns in (B). Neurons in the same layer are recurrently connected with each other to
unction as an associative memory, and neurons between layers are connected with both feedforward and feedback connections.
˜

In the hierarchical network, each layer behaves as an asso-
iative memory, and the recurrent connections between neurons
n the same layer follow the Hebbian rule, which are given by

1
ij =

∑
α,β,γ ξ

α,β,γ

i ξ
α,β,γ

j /N , W 2
ij =

∑
α,β ξ

α,β

i ξ
α,β

j /N , and
3
ij =

∑
α ξα

i ξα
j /N . The feedforward connections between layers

lso follow the Hebbian rule, e.g., from layers 1 to 2, W 2,1
ij =

α,β,γ ξ
α,β

i ξ
α,β,γ

j /N . Their contribution is straightforwardly un-
erstandable. For instance, if layer 1 is at the state of the memory
attern ξα0,β0,γ0 , then the feedforward input to layer 2 is given
y

∑
j W

2,1
ij ξ

α0,β0,γ0
j ≈ ξ

α0,β0
i , which helps to retrieve the parent

attern ξα0,β0 at layer 2. The forms of feedback connections are
he focus of the present study and will be investigated later.

To quantify the retrieval performance, we define a macro-
copic variable m(t), measuring the overlap between the network
tate xl(t), for l = 1, 2, 3, and a memory pattern, which is
alculated to be (Hertz et al., 2018) (again, only the result for layer
is shown),

α,β,γ (t) =
1
N

N∑
i=1

ξ
α,β,γ

i x1i (t), (3)

where −1 < mα,β,γ (t) < 1 represents the retrieval accuracy of
the memory pattern ξα,β,γ , and the larger the value of m, the
higher the retrieval accuracy.

3. Pattern correlation interfering memory retrieval

To explore the effect of neural feedback, we first study a
simple case that the network has only two layers (Fig. 2A). Later,
we extend the results to three layers. We consider first there is no
feedback (setting W 1,2

ij = 0) and inspect how pattern correlations
interfere the memory retrieval of the network.

Let the initial state of layer 1 be a memory pattern x1(0) =
α0,β0,γ0 and the external input Iext,1i = 0. We explore how pattern

correlations disturb the stability of the memory state. After one
iteration of Eq. (2), we calculate the retrieval accuracy of layer 1,
which is given by (see Appendix B),

mα0,β0,γ0 (1) =
1
N

N∑
i=1

ξ
α0,β0,γ0
i x1i (1),

=
1
N

N∑
i=1

ξ
α0,β0,γ0
i sign

[
h1
i (0)

]
,

=
1
N

N∑
sign

[
ξ

α0,β0,γ0
i h1

i (0)
]
. (4)
i=1
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It shows that the retrieval of a memory pattern is determined by
the alignment between the neural input and the memory pattern,
which can be further written as (see Appendix B),

ξ
α0,β0,γ0
i h1

i (0) = ξ
α0,β0,γ0
i

∑
j

W 1
ij x

1
j (0) = 1 + Ci + C̃i. (5)

Here, the input received by the neuron is decomposed into the
signal and the noise parts, and the latter is further divided into
two components, which are given by

Ci = b21ξ
α0,β0,γ0
i

∑
γ ̸=γ0

ξ
α0,β0,γ

i , (6)

Ci = b21b
2
2ξ

α0,β0,γ0
i

∑
β ̸=β0

∑
γ

ξ
α0,β,γ

i . (7)

We see that Ci and C̃i represent, respectively, the interferences
to memory retrieval due to: (1) the correlation of a pattern with
its siblings from the same parent, called the intra-class interfer-
ence; and (2) the correlation of a pattern with its cousins from
the same grandparent but different parents, called the inter-class
interference. A retrieval error occurs when the noise amplitude
Ci + C̃i < −1.

In the limits of large N , Pγ and Pβ , the intra- and inter-
class interferences, Ci and C̃i, satisfy the distributions, P(Ci) =

N (EC , VC )(1+b1)/2+N (−EC , VC )(1−b1)/2, P (̃Ci) = N (EC̃ , VC̃ )(1+

b1b2)/2 + N (−EC̃ , VC̃ )(1 − b1b2)/2, where N (E, V ) represents
the normal distribution with mean E and variance V , and EC =

b31(Pγ − 1), EC̃ = b31b
3
2Pγ (Pβ − 1), VC = b41(Pγ − 1)(1 − b21),

VC̃ = b41b
4
2Pγ (Pβ −1)(1−b21)(1−b22) (see Appendix B). Example dis-

tributions of the intra- and inter-class interferences are displayed
in Fig. 2B. Note that the intra-class interference is bimodal. The
higher positively-positioned peak corresponds to interference at
the neurons where the memory patterns of a child are the same
as those of the parent, and the lower negatively-positioned peak
corresponds to those where the memory patterns of the child
are opposite to those of the parent. In contrast, the inter-class
interference embodies a broader range of correlations among the
memory patterns, and becomes much more unimodal.

4. Rough-to-fine information retrieval aided by feedback

The above theoretical analysis tells us that even starting from
a clean memory state, the pattern correlations can disturb the
network state, causing the instability of the memory state (Hertz
et al., 2018). The result of Eq. (5) further suggests that to improve
memory retrieval, the key of neural feedback is to suppress the
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Fig. 2. (A) A two-layer network extracted from Fig. 1(C) for analyzing the effect of neural feedback theoretically. (B) Example distributions of the intra- and inter-class
interferences in memory retrieval. The calculation detail is given in Appendix E.
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inter- and intra-class interferences due to different sources of
pattern correlation.

In reality, the correlation between higher categorical patterns
end to be smaller than that between lower categorical patterns.
or example, the similarity between cats and dogs is usually
maller than that between two sub-types of cats or dogs. In
ur model, this corresponds to the condition b1 > b2. Since
attern correlation is the main cause of retrieval error in a neural
etwork, this implies that given the same amount of input in-
ormation (e.g., an ambiguous image of Persian cat), the parent
attern (e.g., cat) can be better retrieved than the child pattern
e.g., Persian cat). Therefore, we consider a rough-to-fine infor-
ation retrieval procedure, in which the memory patterns in
igher layers are first retrieved, whose results are subsequently
ed back to lower layers to improve the retrieval of lower memory
atterns. This idea is in agreement with the reserve hierarchy
heory of perception (Ahissar & Hochstein, 2004) (see more in
iscussion).
For convenience of theoretical analysis, we continue to con-

ider the two-layer network and assume that the parent pattern
s first perfectly retrieved (m = 1), and explore the appropriate
orms of push and pull feedbacks which can effectively utilize the
arent information to facilitate the retrieval of the child pattern.
ater, we carry out simulations to demonstrate that the model
orks well in general cases.

. Push feedback suppressing the inter-class interference

We first show that a push feedback of a proper form can sup-
ress the inter-class interference effectively in memory retrieval.
ithout loss of generality, we consider the case that for a given

nput, the target child pattern to be retrieved in layer 1 is ξα0,β0,γ0

and the corresponding parent pattern in layer 2 is ξα0,β0 , which
has already been retrieved. We propose that the push feedback
has the below form,

W 1,2
ij =

1
NPγ

∑
α,β,γ

ξ
α,β,γ

i ξ
α,β

j , (8)

which follows the standard Hebb learning rule between the par-
ent and its child patterns.

The contribution of this push feedback form is intuitively un-
derstandable. Given that the parent pattern ξα0,β0 in layer 2 is al-
ready retrieved, the push feedback current it generates to neuron
i in layer 1 is calculated to be

∑
j W

1,2
ij ξ

α0,β0
j ≈

∑
γ ξ

α0,β0,γ

i /Pγ .
Obviously, this push current increases the activities of all sibling
patterns belonging to the parent, i.e., those ξα0,β0,γ for any γ , and
it has little influence to cousin patterns from different parents,
i.e., those ξα0,β,γ for β ̸= β0. Thus, in effect, the push feedback

suppresses the interference due to inter-class noises (see Fig. 3A).
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Notably, the major function of the push feedback is not to
improve the retrieval accuracy of the target child pattern directly,
and may even worsen it in certain cases (see Fig. 3B). Rather,
by suppressing the activities of cousin patterns, it helps the
subsequent pull feedback to diminish the intra-class interference
from sibling patterns (see below).

6. Pull feedback suppressing the intra-class interference

We further show that a pull feedback of an appropriate form
can effectively suppress the intra-class interference in memory
retrieval. We consider that the pull feedback with the form,

W 1,2
ij = −b1δij. (9)

Given that the parent pattern ξα0,β0 in layer 2 is retrieved, the
pull feedback received by neuron i in layer 1 is calculated to
e

∑
j W

1,2
ij ξ

α0,β0
j = −b1ξ

α0,β0
i . In the large Pγ limit, the par-

nt pattern is proportional to the mean of its sibling patterns
see Appendix B.2), thus, intuitively the pull feedback is to sub-
ract the mean of all sibling patterns, which effectively high-
ights the subtle differences between sibling patterns. Referring
o Fig. 3C, the positively-positioned peak of the intra-class in-
erference is shifted in the negative direction. More importantly,
he negatively-positioned peak is shifted in the positive direction,
ignificantly reducing the probability of a retrieval error caused
y the total interference being less than -1. It can be checked
hat with this pull feedback, sibling patterns become statistically
ndependent, i.e.,

∑
i(ξ

α0,β0,γ

i − b1ξ
α0,β0
i )(ξα0,β0,γ ′

i − b1ξ
α0,β0
i ) ≈ 0

see Appendix B.4), indicating that the pull feedback can reduce
he intra-class interference.

After applying the pull feedback, the retrieval accuracy of the
arget child pattern is calculated to be (see Appendix B.4)

α0,β0,γ0 =
1
N

N∑
i=1

sign
[
1 + C∗

i + C̃i
]
, (10)

where C∗

i ≡ Ci − b1ξ
α0,β0,γ0
i ξ

α0,β0
i denotes the new noise term

due to intra-class interference after applying the pull feedback
(in contrast with Eq. (5)). As shown in Fig. 3C, with the pull
feedback, the negative tail of the noise distribution (where re-
trieval errors occur) is significantly reduced. Fig. 3B presents an
example demonstrating scenario that with the pull feedback, a
memory state of the network becomes stable and is no longer
deteriorated by pattern correlation. We also prove theoretically
that if the number of child patterns of a parent is sufficiently
large, the pull feedback guarantees the reduction of the retrieval
error (see Appendix B.7).
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Fig. 3. Illustrating the effects of the push and pull feedbacks. (A) The effect of the push feedback, which increases the mean retrieval accuracy of all sibling patterns
nd has little influence on cousin patterns. The averaged retrieval accuracies of sibling and cousin patterns are measured by

∑
γ m1,1,γ /Pγ and

∑
γ m1,2,γ /Pγ ,

espectively. (B) The stability of a memory state with no feedback, the push feedback, or the pull feedback, respectively. The initial state of layer 1 is ξ 1,1,1 . Only
he pull feedback stabilizes the memory state. (C) The effect of the pull feedback, illustrated by the distributions of the intra-class interference Ci and the new noise
erm C∗

i after receiving the pull feedback. Retrieval error occurs when the noise value is smaller than −1. The shaded region indicates the improvement of retrial
erformance after applying the pull feedback. (D–E) Illustrating the effect of push–pull feedback. (D) Without feedback, the parent pattern in layer 2 is retrieved
elatively well, but the child pattern in layer 1 is largely confounded with the sibling and cousin patterns. (E). Left panel: the push feedback leverages the total inputs
o sibling patterns (top), which increases the retrieval of sibling patterns and suppresses the retrieval of cousins (bottom); Right panel: the pull feedback decorrelates
ibling patterns via subtracting their mean (i.e., the parent pattern) (top), which increases the retrieval of the target child pattern (bottom). The simulation details
or (A–C) are described in Simulation protocols in Appendix E.
. Memory retrieval with the push–pull feedback

In summary, the above analyses suggest that to suppress the
nterference of pattern correlations in memory retrieval, the neu-
al feedback needs to be dynamical, varying from push to pull,
o that it can suppress the inter- and intra-class interferences,
espectively (see Fig. 3D–E).

To better demonstrate the joint effect of the push–pull feed-
ack, we consider a continuous version of the Hopfield model,
o that the network state changes smoothly and the contribu-
ions of push and pull feedback can be integrated over time (the
iscrete Hopfield model still works, but the overall effect is less
ignificant). The network dynamics are given by (Hopfield, 1984),

dhn
i

dt
= −hn

i +

∑
j

W n
ij x

n
j +

∑
k

W n,m
ik (t)xmk + Iext,ni , (11)

xni = f (hn
i ), m, n = 1, 2, (12)

here hn
i and xni denote the synaptic input and the firing rate of

neuron i in layer n, respectively, and their relationship is given by
a sigmoid function, f (h) = arctan(8πh)/π +1/2. The parameter τ
is the time constant. The recurrent and feedforward connections
follow the standard Hebb rule as described above. The feedbacks
are slightly modified from Eqs. (8)–(9) to accommodate positive
neural activities in the continuous model. They are given by: the
push feedback W 1,2

ik = a+Pγ

∑
α,β,γ (ξ

α,β,γ

i − ⟨ξ⟩)(ξα,β

k − ⟨ξ⟩)/N ,
with a+ being a positive number, and the pull feedback W 1,2

ik =

−a−b1δik, with a− being a positive number. Iext,ni is the external
input, which conveys the pattern information. For details of the
model, see Appendix C.1.

In the simulation, the push and pull feedbacks are applied
sequentially, with each of them lasting in the time order of
τ (τ ∼ 10–20 ms), as suggested by the data (Chen et al.,
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2014). To achieve rough-to-fine information retrieval, we apply
the external input simultaneously to layers 1 and 2. This implies
that in addition to the feedforward external input to the lowest
layer, there exists a shortcut which conveys the external infor-
mation directly to the higher layer of the network. The biological
plausibility of this setting will be discussed later (see Discussion).

7.1. Reproducing the push–pull neural response

We first demonstrate that our model can reproduce the push–
pull phenomenon in neural population responses as observed in
the experiment (Gilad et al., 2013). Fig. 4A displays the neural
activities in a typical example of the memory retrieval process
in our model, which shows that the neural population activ-
ity at layer 1 first increases and then decreases, displaying the
push–pull characteristic. Fig. 4B further confirms that information
retrieval goes from rough to fine, in the sense of that the parent
pattern is retrieved first, and the retrieval accuracy of the child
pattern is improved gradually by the push–pull feedback.

7.2. Evaluating model performances

We systematically evaluated the performances of our model.
Fig. 4C displays how the retrieval improvement due to the push–
pull feedback (measured by the ratio between the retrieval ac-
curacies with and without feedback) varies with the intra-class
correlation amplitude, which shows that our model works very
well for a wide range of correlation strengths. We also note that
when the correlation strength is too large, the pull feedback may
worsen the retrieval performance. Mathematically, it is due to
the shut down of the neural activity at layer 1 due to the pull
feedback being too strong (see Eq. (9)), but this only happens

when b1 > 0.4, i.e., the overlap between the parent and its
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Fig. 4. The model performances with the push–pull feedback. (A) The neural population activity ⟨x⟩ in layer 1 as a function of time in a typical trial (blue curve),
which exhibits the push–pull phenomenon as observed in the experiment (Gilad et al., 2013). The red curve is the case without feedback. ⟨x⟩ is obtained by averaging
over all neurons in layer 1. The shaded parts in A and B display the time period of applying the external input (beige, 0 − 6τ ), the push feedback (blue, τ − 2τ ),
and the pull feedback (red, 2τ − 3τ ), respectively. (B) The retrieval accuracies of the child (blue curve) and the parent patterns (yellow curve) over time in the same
trial as in (A) The red curve is the case of no feedback. (C) The retrieval improvement due to the push–pull feedback vs. the intra-class correlation strength (b1).
(D) The network performance vs. the number of child patterns. The total number of memory patterns (Pα × Pβ × Pγ ) is fixed to be 96 and Pα = 2. (E) The retrieval
improvement due to the push–pull feedback vs. the amplitude of intra-class noise in the external input. (F) The retrieval improvement due to the push–pull feedback
vs. the amplitude of inter-class noise in the external input. The simulation details are given in Appendix E.
child patterns is more than (1 + b1)/2 > 70%, which is rare in
practice. Fig. 4D displays how the retrieval improvement of the
model varies with the number of child patterns (the total number
of patterns stored in the network is fixed), which shows that the
model works well consistently.

Fig. 4E–F display how the retrieval improvement varies with
the amplitude of input noises. We consider two types of input
noise, the inter- and intra-class noises, reflecting the ambiguities
arisen from that target child pattern being confounded with its
cousin or sibling patterns, respectively (see Appendix E). We
observe that the push–pull feedback works well for a wide range
of noise amplitudes. The results for very large noises are not
presented, since in this case, the retrieval accuracies with and
without feedback are both very small, and it is meaningless to
do the comparison.

8. Structure analysis of the model

8.1. Both push and pull feedbacks are indispensable

We carry out experiments demonstrating that both the push
and pull feedbacks are indispensable, in terms of that if only
one of them is applied, the network performance is degraded
considerably. Fig. 5 compares the network performances with
only push, only pull, or the push–pull, feedback, respectively,
which shows that the network has the best performance when
both the push and pull feedbacks are applied.

It may appear that the pull feedback is completely dominating,
while the effect of push feedback is negligible. Actually, this varies
with the parameters. We carry out an experiment with different
parameters to demonstrate that the push feedback can have a
stronger effect than the pull feedback (see Fig. C.8).

8.2. Push–pull, rather than pull–push, is effective

We further confirm the importance of applying the push and
pull feedbacks in the right temporal order. Fig. 5C shows that if
the pull feedback is applied before the push one, the network
performance is degraded. The underlying reason is: the push
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feedback reduces the activities of cousin patterns (which is done
indirectly through increasing the activities of sibling patterns),
therefore if the push feedback is applied first, it helps the subse-
quent pull feedback to reduce the interference of cousin patterns;
whereas, if the push feedback is applied after the pull one, it will
indiscriminately increase the activities of all sibling patterns and
destroys the result of the pull feedback.

9. Performances of a three-layer network

The above study is based on a two-layer network, but the
computational principle can be applied straightforwardly to net-
works having multiple layers. To demonstrate this, we consider a
three-layer network as shown in Fig. 6, which stores, from bottom
to top, the child, the parent, and the grandparent patterns as
given in Appendix A. Compared with the two-layer network in
Fig. 2, the external input is sent to layer 3 directly bypassing
layer 2, and push–pull feedback connections from layer 3 to 2
are added. Similarly, information retrieval in the network goes
from rough-to-fine, i.e., the grandparent pattern in layer 3 is first
retrieved, whose result is subsequently utilized to enhance the
retrieval of the parent pattern in layer 2, and then the parent
information is used to enhance the retrieval of the child pattern
in layer 1. The network can exploit multiple rounds of push–pull
feedback. In this example, we find that two rounds of push–pull
feedback outperforms one round, but the performance does not
increase further if more than two rounds are applied. Therefore,
we present the results of applying two rounds of push–pull
feedback.

Fig. 6B displays the retrieval accuracies of three layers in one
example trial, which shows that with the push–pull feedback, the
retrieval accuracy of layer 1 is improved significantly compared
to the case of no feedback. Fig. 6C presents the statistical results
of retrieval improvements of three layers due to the feedback. It is
interesting to note that for a wide range of parameter values, the
retrieval accuracies of three layers are all improved. This shows
that in the presence of feedback, the retrieval accuracies of layers
1/2 are improved, which in return can improve the retrieval

accuracy of layers 2/3 via the feedforward connections.
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Fig. 5. The necessity of both push and pull feedbacks. (A–C) Comparing the network performances with the push–pull, only the push, and only the pull feedbacks,
respectively. (A) The amplitude of inter-class noise in the external input is varied. (B) The amplitude of intra-class noise in the external input is varied. (C) The
intra-class correlation strength (b1) is varied. (D) The network performances with varying moments of applying the push and pull feedbacks. The starting instant of
applying the pull feedback (tpull = 2τ , lasting for 1.8τ ) is fixed, and the starting instant of applying the push feedback (tpush , lasting for 1τ ) changes. tpull − tpush > 0
orresponds to the case of push–pull feedback, and tpull − tpush < 0 the case of pull–push feedback. For the details of simulation, see Appendix E.
Fig. 6. The performance of the three-layer network. (A) A three-layer network. The external input is sent to layers 1 and 3 simultaneously. (B) The retrieval accuracies
of the child (red curve), the parent (blue curve), and the grandparent (yellow curve) over time. The dash green curve is the retrieval accuracy of the child in the
case of no feedback. The shaded parts display the time of applying the external input (beige, 0 − 6τ ), the push feedback for both layer 3 to 2 and 2 to 1 (blue,
.2τ − 1.2τ ; 2.2τ − 3.2τ ), and the pull feedback for both layer 3 to 2 and 2 to 1 (red, 1.2τ − 2.2τ ; 3.2τ − 4.2τ ), respectively. (C) Retrieval improvements with
arying intra-class correlation strength b1 . The details of simulation are described in Appendix E.
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Note that when the correlation strength is very small (b1 <
.1), the performance of layer 3 may be degraded. This is under-
tandable, since when the correlation is too small, the categorical
elationship between the child and the grandparent patterns be-
ome very weak, and the feedforward and feedback interactions
o longer guarantee to improve the retrieval performance.

0. Real image experiments

We further test our model in processing real images. As shown
n Fig. 7A, the dataset we use consists of Pβ = 3 types of animals,
irds, cats, and dogs, corresponding to the parents in our model.
or each type of animal, it is further divided into Pγ = 4 sub-
ypes, corresponding to the children. A total of 1200 images, with
= 100 for each sub-type of animals, are chosen from ImageNet.

t has been shown that the neural representations generated by a
eep neural network (DNN) after trained with ImageNet capture
he categorical relationships between objects, in the sense that
355
he overlap between neural representations reflects the closeness
f objects in the same category, rather than their similarity in raw
mages (Yamins et al., 2014). This satisfies the statistical property
f hierarchical memory patterns. We therefore pre-process im-
ges by a DNN called VGG (Simonyan & Zisserman, 2014) and
se the neural representations generated by it (i.e., the neural
ctivities before the read-out layer) to construct the memory pat-
erns. The details of pre-processing are described in Appendix D.
ig. 7B shows the correlations between the memory patterns gen-
rated by VGG, which exhibit a hierarchical relationship, i.e., the
ntra-class correlations are larger than the inter-class correlations.

We present each image to the network and measure its re-
rieval accuracy by calculating the overlap between the network
esponse and the memory pattern corresponding to the image
i.e., mβ,γ , according to Eq. (4)). Fig. 7B shows a typical example of
he retrieval process. We see that the retrieval accuracy of layer
keeps increasing when the push and pull feedbacks are applied
equentially, and the result is significantly improved compared
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Fig. 7. The model performances with real images. The two-layer network model as shown in (Fig. 2A) is used. (A) The dataset. Example images, one for each
sub-type of birds, cats or dogs. Birds: 1 − 4; Cats: 5 − 8; Dogs: 9 − 12. (B) The correlations between the child patterns after pre-processing by VGG. (C) Retrieval
ccuracies of the child (bird A, cock, blue curve) and parent (bird, yellow curve) patterns as functions of time in a typical trial. The red curve is the case without
eedback. (D) The neural population activity ⟨x⟩ in layer1 as a function of time in a typical trial (blue curve), which exhibits the push–pull phenomenon as observed
n the experiment (Gilad et al., 2013). The blue curve is the case without feedback. (E) The blue, red, yellow and violet curves represent the mean neural population
ctivities in layer 1 with respect to familiar (bird, cat, and dog) and novel (car) images, respectively. (F) Different effects of the push and pull feedback in the example
rial as in (C). The blue, green, and red curves represent, respectively, the retrieval accuracies of the target child (bird A, cock), the mean of siblings (other sub-types
f bird), and other child patterns (all sub-types of cat) in layer 1. The shaded parts of (C–F) display the time of applying the external input (beige, 0− 4τ ), the push
eedback (blue, 1τ − 2.4τ ), and the pull feedback (red, 2.4τ − 3.8τ ), respectively. The simulation details are given in Appendix E.
o the case without feedback. Over 1200 images, the averaged
mprovement is 171.88% (measured at the moment when the pull
eedback stops).

0.1. Reproducing the push–pull neural response

We check the dynamical properties of neuronal responses in
he model. Fig. 7D displays the time course of neural activities
n a typical example of the memory retrieving process, which
hows that the neural activity at layer 1 first increases and then
ecreases, displaying the push–pull phenomenon.
In the monkey experiment, it was also observed that if an un-

amiliar image (which did not contain the object the monkey was
rained to recognize) was presented, the push–pull characteristic
f neural activity was weakened significantly (see the red line in
ig. 1A). To model this phenomenon, we present a set of novel im-
ges (they are not stored in our associative memory model), cars,
o the network model, and measure the corresponding neural
esponses. As shown in Fig. 7E, compared to the familiar images
hat have been stored in the network (birds, cats, and dogs),
he push–pull characteristic of neural responses with respect to
he novel images is weakened considerably, agreeing with the
xperimental finding (for the detail of the experiment, see in
ppendix D).
356
10.2. Push–pull feedback disentangling pattern correlations

To demonstrate the different roles of the push and pull feed-
backs in memory retrieval, we separately measured the retrieval
accuracies of the target child pattern, its siblings, and its cousins,
respectively, during the retrieving process. As shown in Fig. 7F,
we observe that: (1) at the early phase of applying the push
feedback, both the retrieval accuracies of the target child pattern
and its siblings increase, whereas the retrieval accuracy of cousins
remains almost unchanged, confirming that the push feedback
indeed has the effect of suppressing the inter-class interference
as analyzed in theory; (2) at the later phase of applying the pull
feedback, the retrieval accuracy of the target child pattern experi-
ences another significant increase, much larger than the that for
other child patterns, which confirms that the pull feedback has
the effect of suppressing the intra-class interference.

11. Discussion

In the present study, we have investigated the computational
role of feedback connections in neural information processing,
and demonstrated that the push–pull feedback facilitates rough-
to-fine information retrieval. We studied a multilayer network
which stores the hierarchical categorical information of objects.
Upon receiving an external input, the higher categorical informa-
tion of the object is first retrieved, whose result is subsequently



X. Liu, X. Zou, Z. Ji et al. Neural Networks 151 (2022) 349–364

u
m
a
i
n
m
s

p
n
e
p
e
a
o
e
D
N
d
t
f
m
R
g
b
d
s
i
a
r
C
e
t
i
t
2
h
t
t
w
e

g
w
F
t
(
T
p
s
&
r
d
r

m
h
i
h
o
i
i
t
a
m
o

tilized to enhance the retrieval of the lower categorical infor-
ation of the object via the push–pull feedback, where the push
nd pull feedback components suppress the inter- and intra-class
nterferences, respectively. In such a way, the highly correlated
eural representations are disentangled, and the retrieval perfor-
ance of the network is significantly improved. Our study has
ome far-reaching implications to neural information processing.
In our model, we consider that the neural feedback has the

ush–pull characteristic, which reproduces the push–pull phe-
omenon as observed in the experiments (Chen et al., 2014; Gilad
t al., 2013; Gilbert & Li, 2013). The time period of applying push–
ull feedback is about 100–250 ms, that is consistent with recent
xperimental studies. By perturbing the propagation of neuronal
ctivity between areas V1 and higher layers by microstimulation
r transcranial magnetic stimulation (TMS), it unveils that there
xists feedback from higher layers to V1 after 100 ms (Klink,
agnino, Gariel-Mathis, & Roelfsema, 2017; Li, Wang, & Li, 2019).
otably, the neural system has resources to implement such a
ynamical feedback process. For example, the push component of
he feedback may be realized via the direct excitatory synapses
rom higher to lower layers, and its termination can be auto-
atically controlled by short-term synaptic depression (Zucker &
egehr, 2002); while, the pull component of the feedback may
o through a separate path mediated by inhibitory interneurons
etween the layers, which is naturally delayed compared to the
irect excitatory path (Kandel, Schwartz, & Jessell, 2000). Our
tudy revealed that the pull feedback contributes to suppress-
ng the intra-class interference, and this result also appears to
gree with the experimental finding that different levels of GABA
elease were associated with different object recognition tasks.
ombining MR Spectroscopy measurement with fMRI, Frangou
t al. found that the decreasing of GABA was associated with the
ask of detecting a signal from a noise background; whereas, the
ncrement of GABA was associated with the task of discriminating
wo patterns of subtle differences (Frangou, Correia, & Kourtzi,
018). Considering that discriminating similar patterns is much
arder than detecting a signal from background and it needs
o suppress the intra-class interference, our model predicts that
he pull feedback should be involved in the discrimination task,
hich leads to the increased GABA release, agreeing with the
xperimental finding.
In our model, we consider that neural information retrieval

oes from rough to fine, which is a paradigm that has been
idely observed in the experimental data (Chen, 1982, 2005).
or example, psychophysical studies showed that the brain ex-
racts first the global (e.g., topological), rather than the local
e.g., Euclidean), geometrical properties of objects (Chen, 1982).
he neural pathway for this global information extraction is sup-
osed to be mediated by M cells in the retina, followed by the
ubcortical and/or the dorsal pathways (Liu, Wang, Zhou, Ding,
Luo, 2017). In our work, we mimic the effect of this short-cut

oute by considering that a copy of the external input is sent
irectly to the highest layer of the network, which triggers the
etrieval of the highest categorical information of the object first.

On the computational aspect, our model resolves a funda-
ental challenge for object recognition in the brain. On one
and, neural correlations are essential to encode the categor-
cal relationships (similarities) between objects; on the other
and, they are harmful as they interfere the retrieval of mem-
ry patterns. This dilemma is intrinsic to a neural network, as
t uses neuronal connections for both information storage and
nformation retrieval, the so-called in-memory computing. How
o overcome the correlation interference in memory retrieval is
long-standing challenge in the field. In the classic Hopfield
odel, when partial or ambiguous information of a memorized

bject is presented to the network, the memory pattern can be
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retrieved reliably, achieving associative memory (Amari, 1972;
Hopfield, 1982). However, when a member pattern of a fam-
ily of correlated patterns is presented, the retrieval process is
interfered by the correlations with other member patterns of
the same family, resulting in mixed retrieved patterns. In fact,
considering how information is encoded in synaptic connections
through correlated spikes of neurons, direct Hebbian plasticity
cannot improve the situation, as correlations among neurons are
inherent among member patterns of the same family. This causes
the network dynamics to degenerate into a small number of
merged attractors (Hertz et al., 2018). To rescue this fatal flaw,
modifications of Hebbian plasticity rules were proposed, includ-
ing those that take into account the hierarchical organization of
the patterns (Cortes, Krogh, & Hertz, 1987; Engel, 1990; Parga &
Virasoro, 1986; Perez-Vicente, 1989; Tsodyks, 1990), or based on
the popularity of neurons (Kropff & Treves, 2007). In the context
of learning correlated patterns in continuous attractor neural
networks (CANNs), a novelty-facilitated plasticity rule enables
the storage of continuously morphed patterns as a sub-manifold
with a flat energy landscape in the state space (see Zou et al.
(2017) and references therein). However, information retrieval in
a CANN is still unreliable, as its dynamics is susceptible to input
fluctuations (see Wu, Wong, Fung, Mi, and Zhang (2016) and
references therein). In this study, we propose a novel biologically
plausible strategy to resolve the correlation interference problem.
We consider that the categorical representations of objects are
organized hierarchically with reducing correlations along the hi-
erarchy, and the neural system stores these hierarchical memory
patterns in a hierarchical network accordingly; upon receiving
the input information of an object, the representation of the ob-
ject at the highest layer is first retrieved (since memory patterns
at the highest layer have the minimum correlation), which sub-
sequently initiates the push–pull feedback to improve memory
retrieval at the descending layer, and this process goes on till to
the lowest layer. By this, the highly correlated memory patterns
can be retrieved properly by the neural system.

11.1. Relationship to previous works

To our knowledge, our work is the first one that explores the
computational role of push–pull feedback in hierarchical mem-
ory retrieval. Hierarchical memory retrieval was studied previ-
ously, but those works considered only a single layer network,
in which all hierarchical memory patterns are stored jointly via
Hebbian learning by the same set of neuronal connections and
no feedback is involved (Cortes et al., 1987; Engel, 1990; Mat-
sumoto, Okada, Sugase-Miyamoto, & Yamane, 2005; Parga & Vira-
soro, 1986; Perez-Vicente, 1989; Tsodyks, 1990). Matsumoto et al.
(2005) showed that such type of a network can also realize a
certain level of rough-to-fine information processing by having
the fast excitatory interactions among excitatory neurons first
retrieving the mixed memory states (the rough information),
and the relatively slow global inhibition from inhibitory neurons
further retrieving the fine information. This computational mech-
anism is very different from the one proposed in our model. It
will be interesting to explore in future works which mechanism is
biologically more plausible or they are both plausible but applied
in different brain regions.

Hierarchical Hopfield models were also studied previously,
but those works have considered neither hierarchical memory
patterns nor feedback (Amari & Maginu, 1988; Okada, 2006).
An exception is an early work on multiplayer model that used
feedback information to disentangle the correlated patterns, in
which information from an upper layer is fed back to the lower
layer to gate the synaptic couplings, which increases the storage
capacity of the network (Sourlas, 1988). However, the feedback
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orm in this study was static, which is different from the push–
ull feedback we consider, and this study also did not consider
he dynamical nature of the memory retrieval process.

Notably, the conventional studies on Hopfield-type of mod-
ls normally focus on analyzing the memory capacities of the
odels, where the memory capacity is defined as the number
f stationary states that can be retained reliably by the network
fter removing external cues. Here, our focus is on the dynamical
etrieval process of the network during the applications of an
xternal cue and feedback, whereby the memory pattern is stable
nly when the feedback exists, and once the feedback is termi-
ated, neural correlations start to interfere the memory pattern
gain. In this sense, neural feedback in our model does not in-
rease the memory capacity of the network, but rather it provides
n efficient way to leverages memory retrieval temporally during
he execution of a brain function. Our model suggests a new
ay to overcome the correlation interference problem in memory
etrieval in neural networks.

The present study has focused on exploring how the neu-
al system resolves the ‘negative’ impact of neural correlations
n memory retrieval, but in other computational tasks, neu-
al correlations may have important positive roles. For instance,
modeling study based on the Hopfield model has revealed

hat if the transition probabilities between memorized patterns
re determined by their correlations, then the dynamics of net-
ork states naturally reproduce the statistical properties of free
all of humans (Recanatesi, Katkov, & Tsodyks, 2017), suggesting
hat neural correlation plays a crucial role for efficient memory
earching in the brain. To fully understand how the brain or-
anizes and manipulates memories, it is necessary to study the
ffects of neural correlations from alternative aspects.
Finally, in this study, in order to elucidate the underlying

omputational mechanisms clearly, we have adopted a simple
ierarchical Hopfield model which allow us to pursue the theo-
etical analysis. Although the Hopfield associative memory model
s known to lack many biological details, it captures two fun-
amental properties of neural information processing. First, it
aptures the property that a neural network utilizes neuronal
onnections for both information storing and retrieving, real-
zing in-memory computing. Second, it captures the property
hat neuronal connections are determined by the representation
orrelations of objects via Hebbian-like learning rules. Once these
wo properties hold, the interference of neural correlations to
nformation retrieval becomes inevitable, and our main results
bout the function of push–pull feedback are applicable. We
herefore expect that the present study will give us insight into
nderstanding the general role of feedback in neural information
rocessing.
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Appendix A. Hierarchical memory patterns

The hierarchical memory patterns used in the present study
are constructed as follows Amari and Maginu (1988). First, the
grandparent patterns are statistically independent to each other,
whose elements have equal probabilities of taking a value of 1 or
−1, and are drawn from the distribution,

P(ξα
i ) =

1
2
δ(ξα

i + 1) +
1
2
δ(ξα

i − 1), (A.1)

here δ(x) = 1 for x = 0 and δ(x) = 0 otherwise.
Secondly, for each grandparent pattern, its descending parent

atterns are drawn from the distribution,

(ξα,β

i ) = (
1 + b2

2
)δ(ξα,β

i − ξα
i ) + (

1 − b2
2

)δ(ξα,β

i + ξα
i ), (A.2)

where 0 < b2 < 1, implying that each element of a parent
pattern has a probability of (1 + b2)/2 > 0.5 to have the same
value as the corresponding element of the grandparent. By this,
the descending relationship between a grandparent and its parent
patterns is established.

Thirdly, for each parent pattern, its descending child patterns
are drawn from the distribution,

P(ξα,β,γ

i ) = (
1 + b1

2
)δ(ξα,β,γ

i − ξ
α,β

i ) + (
1 − b1

2
)δ(ξα,β,γ

i + ξ
α,β

i ),

(A.3)

where 0 < b1 < 1. By this, the descending relationship between
a parent and its child patterns is established.

The correlations between the above generated hierarchical
memory patterns satisfy the following relationships:

• Between grandparent patterns, 1/N
∑

i ξ
α
i ξα′

i = 0, for α ̸=

α′;
• Between grandparent and its descending parent patterns,

1/N
∑

i ξ
α
i ξ

α,β

i = b2;
• Between parent patterns from the same grandparent,

1/N
∑

i ξ
α,β

i ξ
α,β ′

i = b22, for β ̸= β ′;
• Between parent patterns from different grandparents,

1/N
∑

i ξ
α,β

i ξ
α′,β ′

i = 0, for α ̸= α′;
• Between parent pattern and its descending child patterns,

1/N
∑

i ξ
α,β

i ξ
α,β,γ

i = b1;
• Between child patterns from the same parent pattern,

1/N
∑

i ξ
α,β,γ

i ξ
αβγ ′

i = b21, for γ ̸= γ ′;
• Between child patterns from different parents,

1/N
∑

i ξ
α,β,γ

i ξ
α,β ′,γ ′

i = b22b
2
1, for β ̸= β ′.

It can be checked that when the number of parent patterns Pβ

is sufficiently large, the average of parent patterns approaches to
their ascending grandparent pattern, i.e., 1/Pβ

∑Pβ

β=1 ξ
α,β

i ≈ b2ξα
i .

Similarly, when the number of child patterns Pγ is sufficiently
large, the average of child patterns approaches to their ascending
parent pattern, i.e., 1/Pγ

∑Pγ

γ=1 ξ
α,β,γ

i ≈ b1ξ
α,β

i .

Appendix B. Theoretical analysis of the network performance

B.1. The neuronal input at layer 1 without feedback

According to Eq. (1) and that W 1
ij =

∑
α,β,γ ξ

α,β,γ

i ξ
α,β,γ

j /N ,
without feedback, we have

h1
i (0) =

1
N

∑
W 1

ij x
1
j (0),
j
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w

P

w

B

T
d

T
v
ξ

c

=

=

=
1
N

∑
α,β,γ

ξ
α,β,γ

i

∑
j

ξ
α,β,γ

j ξ
α0,β0,γ0
j ,

= ξ
α0,β0γ0
i + Ai + Ãi +

˜̃Ai, (B.1)

here

i =
1
N

∑
γ ̸=γ0

ξ
α0,β0,γ

i

∑
j

ξ
α0,β0,γ

j ξ
α0,β0,γ0
j ,

= b21
∑
γ ̸=γ0

ξ
α0,β0,γ

i , (B.2)

Ai =
1
N

∑
β ̸=β0

∑
γ

ξ
α0,β,γ

i

∑
j

ξ
α0,β,γ

j ξ
α0,β0,γ0
j ,

= b21b
2
2

∑
β ̸=β0,γ

ξ
α0,β,γ

i , (B.3)

nd

i =
1
N

∑
α ̸=α0

∑
β,γ

ξ
α,β,γ

i

∑
j

ξ
α,β,γ

j ξ
α0,β0,γ0
j ,

= 0. (B.4)

According to Eqs. (5) and (B.1), we have

Ci = b21ξ
α0,β0,γ0
i

∑
γ ̸=γ0

ξ
α0,β0,γ

i , (B.5)

C̃i = b21b
2
2ξ

α0,β0,γ0
i

∑
β ̸=β0

∑
γ

ξ
α0,β,γ

i , (B.6)

i = 0. (B.7)

.2. The distribution of Ci

Define the sets C+ ≡ {γ | ξ
α0,β0,γ

i = ξ
α0,β0
i , γ ̸= γ0}, and

− ≡ {γ | ξ
α0,β0,γ

i = −ξ
α0,β0
i , γ ̸= γ0}, and their numbers are

enoted as card(C+) and card(C−), respectively. Note card(C−) =

γ − 1 − card(C+).
According to Eq. (A.3),

(ξα,β,γ

i ) = (
1 + b1

2
)δ(ξα,β,γ

i − ξ
α,β

i ) + (
1 − b1

2
)δ(ξα,β,γ

i + ξ
α,β

i ).

ince the generalizations of memory patterns are independent to
ach other, card(C+) follows a binomial distribution, card(C+) ∼

(Pγ − 1, P+), with P+ = P(ξα0,β0,γ

i = ξ
α0,β0
i ) = (1 + b1)/2. Here,

B(n, P) denotes a binomial distribution, with n the total number
of experiments and P the probability of each experiment yielding
a successful result.

In the large Pγ limit, a binomial distribution can be approxi-
mated as a normal one, which is written as

card(C+) ∼ N
[
(Pγ − 1)P+, (Pγ − 1)P+(1 − P+)

]
. (B.8)

Thus, we have∑
γ ̸=γ0

ξ
α0,β0,γ

i = card(C+)ξ
α0,β0
i − card(C−)ξ

α0,β0
i ,

= 2card(C+)ξ
α0,β0
i − (Pγ − 1)ξα0,β0

i , (B.9)

and hence

Ci = b21
[
2card(C+) − (Pγ − 1)

]
ξ

α0,β0,γ0
i ξ

α0,β0
i . (B.10)

Since the product ξ
α0,β0,γ0
i ξ

α0,β0
i = 1 with the probability (1 +

b1)/2 and
ξ

α0,β0,γ0
i ξ

α0,β0
i = −1 with the probability (1 − b1)/2, the

distribution of Ci can be written as superposition of two normal
distributions, i.e.,

P(C ) =
i

359
1 + b1
2

N (EC , VC ) +
1 − b1

2
N (−EC , VC ), (B.11)

where EC = b31(Pγ − 1) and VC = b41(Pγ − 1)(1 − b21).

.3. The distribution of C̃i

Similarly, it can be checked that in the large limits of Pγ and
Pβ , C̃i satisfies superposition of two normal distributions,

P (̃Ci) =
1 + b1b2

2
N (EC̃ , VC̃ ) +

1 − b1b2
2

N (−EC̃ , VC̃ ), (B.12)

where EC̃ = b31b
3
2Pγ (Pβ−1) and VC̃ = b41b

4
2Pγ (Pβ−1)(1−b21)(1−b22).

.4. The distribution of C∗

i

According to the definition, C∗

i = Ci−b1ξ
α0,β0,γ0
i ξ

α0,β0
i . It can be

checked that for ξ
α0,β0,γ0
i ξ

α0,β0
i = 1, the mean E(C∗

i ) = EC−b1, and
or ξ

α0,β0,γ0
i ξ

α0,β0
i = −1, the mean E(C∗

i ) = −EC + b1. Therefore,
e have

(C∗

i ) =
1 + b1

2
N (EC − b1, V ∗

C ) +
1 − b1

2
N (−EC + b1, V ∗

C ), (B.13)

here EC = b31(Pγ − 1) and VC∗ = VC = b41(Pγ − 1)(1 − b21).

.5. The contribution of the pull feedback

We first calculate retrieval error without the pull feedback.
he probabilities P(Ci) and P (̃Ci) can be calculated under four
ifferent conditions, which are summarized below:

• When ξ
α0,β0,γ0
i = ξ

α0,β0
i = ξ

α0
i , which has the probability

P = (1 + b1)(1 + b2)/4, P(Ci) = N (EC , VC ) and P (̃Ci) =

N (EC̃ , VC̃ ).
• When ξ

α0,β0,γ0
i = ξ

α0,β0
i = −ξ

α0
i , which has the probability

P = (1 + b1)(1 − b2)/4, P(Ci) = N (EC , VC ) and P (̃Ci) =

N (−EC̃ , VC̃ ).
• When ξ

α0,β0,γ0
i = −ξ

α0,β0
i = ξ

α0
i , which has the probability

P = (1 − b1)(1 + b2)/4, P(Ci) = N (−EC , VC ) and P (̃Ci) =

N (−EC̃ , VC̃ ).
• When ξ

α0,β0,γ0
i = −ξ

α0,β0
i = −ξ

α0
i , which has the probability

P = (1 − b1)(1 − b2)/4, P(Ci) = N (−EC , VC ) and P (̃Ci) =

N (EC̃ , VC̃ ).

he above four conditions can be described by two auxiliary
ariables, which are s1 ≡ ξ

α0,β0,γ0
i ξ

α0,β0
i = ±1 and s2 ≡

α0,β0,γ0
i ξ

α0
i = ±1.

The probability of retrieval error without the pull feedback is
alculated to be,

p(Ci + C̃i < −1)∫
+∞

−∞

p(Ci = x)p(̃Ci < −1 − x)dx∑
s1,s2=±1

1
4
(1 + s1b1)(1 + s1s2b2)

×

∫
+∞

−∞

dx
√
2πVC

exp(−
x − s1EC

2VC
)
∫ −1−x−s2 ẼC√

2VC̃

−∞

dy
√
2π

exp(−
y2

2
),

=

∑
s1,s2=±1

1
4
(1 + s1b1)(1 + s1s2b2)

×

∫
+∞

−∞

dx
√
2π

exp(−
xσc − s1EC

2
)
∫ −1−xσC̃−s2 ẼC

σC̃

−∞

dy
√
2π

exp(−
y2

2
),

(σ =

√
V ; σ =

√
V ),
C c C̃ C̃
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∑
s1,s2=±1

1
4
(1 + s1b1)(1 + s1s2b2)

×

∫
+∞

−∞

dx
√
2π

exp(−
x2

2
)
∫

+∞

−∞

dy
√
2π

exp(−
y2

2
),

(σCx + σC̃y < −1 − s1EC − s2EC̃ )

=

∑
s1,s2=±1

1
8
(1 + s1b1)(1 + s1s2b2)

×

⎡⎣1 + erf (
−1 − s1EC − s2EC̃√

2(σ 2
C + σ 2

C̃
)

)

⎤⎦ . (B.14)

We now calculate retrieval error with the pull feedback. Given
W 1,2

ij = −b1δij and that layer 2 is at the parent pattern x2(0) =

ξα0,β0 , the alignment between the neuronal input and the child
pattern at layer 1 is written as,

ξα0,β0,γ0h1
i (0) = 1 + Ci + C̃i − b1ξα0,β0ξα0,β0,γ0 . (B.15)

We obtain

mα0,β0,γ0 (1) =
1
N

N∑
i=1

sign[1 + Ci + C̃i − b1ξ
α0,β0,γ0
i ξ

α0,β0
i ],

=
1
N

N∑
i=1

sign
[
1 + C∗

i + C̃i
]

(B.16)

where C∗

i = Ci − b1ξ
α0,β0,γ0
i ξ

α0,β0
i .

The probability P(C∗

i ) can be calculated under four different
conditions, which are,

• When ξ
α0,β0,γ0
i = ξ

α0,β0
i = ξ

α0
i , which has the probability

P = (1 + b1)(1 + b2)/4, P(C∗

i ) = N [(EC − b1), VC ];
• When ξ

α0,β0,γ0
i = ξ

α0,β0
i = −ξ

α0
i , which has the probability

P = (1 + b1)(1 − b2)/4, P(C∗

i ) = N [(EC − b1), VC ];
• When ξ

α0,β0,γ0
i = −ξ

α0,β0
i = ξ

α0
i , which has the probability

P = (1 − b1)(1 + b2)/4, P(C∗

i ) = N [−(EC − b1), VC ];
• When ξ

α0,β0,γ0
i = −ξ

α0,β0
i = −ξ

α0
i , which has the probability

P = (1 − b1)(1 − b2)/4, P(C∗

i ) = N [−(EC − b1), VC ].

Analogy to Eq. (B.14), the probability of retrieval error with the
pull feedback is calculated to be,

p(C∗

i + C̃i < −1)

=

∑
s1,s2=±1

(1 + s1b1)(1 + s1s2b2)
8

×

⎧⎨⎩1 + erf

⎡⎣−1 − s1(EC − b1) − s2EC̃√
2(σ 2

C + σ 2
C̃
)

⎤⎦⎫⎬⎭ . (B.17)

.6. The pull feedback improves the retrieval accuracy

We approximate the error function with the 3rd order Taylor
xpansion, i.e.,

rf (z) ≈
2

√
π

(
z −

z3

3

)
.

he change of the error probability after applying the pull feed-
ack is calculated to be,

p(Ci + C̃i < −1) − p(C∗

i + C̃i < −1)

≈

∑ (1 + s1b1)(1 + s1s2b2)
8

s1,s2=±1

360
×

⎧⎪⎨⎪⎩ s1b1

3
[√

2(σ 2
C + σ 2

C̃
)
]3

(
3z2 − 3s1b1z + b21

)⎫⎪⎬⎪⎭ ,

(z = s1EC + s2EC̃ , )∑
s1,s2=±1

(1 + s1b1)(1 + s1s2b2)
4
√

π

1[√
2(σ 2

C + σ 2
C̃
)
]3

[
3s1b1z2 − 3b21z + s1b31

]
,

=
1

3
√

π

[√
2(σ 2

C + σ 2
C̃
)
]3

×
[
3b71(P

2
γ − b1) − 9b61(Pγ − 1) + b41(6Pγ − 1)

]
,

=
b41

3
√

π

[√
2(σ 2

C + σ 2
C̃
)
]3

×
[
3b31(P

2
γ − b1) − 9b21(Pγ − 1) + (6Pγ − 1)

]
. (B.18)

Under the condition Pγ ≫ 1, we have

p(Ci + C̃i < −1) − p(C∗

i + C̃i < −1)
1

3
√

π

[√
2(σ 2

C + σ 2
C̃
)
]3

(
3b71P

2
γ − 9b61Pγ + 6b41Pγ

)
> 0. (B.19)

To get the above result, we used the condition that 3b71P
2
γ −

b61Pγ + 6b41Pγ > 0 for Pγ > 2. Thus, in general cases of Pγ ≫ 1,
hich is true in reality, the pull feedback guarantees to improve
he retrieval accuracy of the child pattern.

.7. The pull feedback de-correlates sibling patterns

The average correlation between sibling patterns of the same
arent is given by, CR = 1/[N(Pγ − 1)]

∑N
i=1

∑
γ ′ ̸=γ ξ

α0,β0,γ 0

i
α0,β0,γ ′

i = b21.
With the pull feedback input, −b1ξα0,β0

, the average correla-
ion between sibling patterns becomes,

R =
1

N(Pγ − 1)

N∑
i=1

∑
γ ′ ̸=γ

(
ξ

α0,β0,γ 0

i − b1ξ
α0,β0

i

)
×

(
ξ

α0,β0,γ ′

i − b1ξ
α0,β0

i

)
=

1
N(Pγ − 1)
N∑
i=1

∑
γ ′ ̸=γ

(
ξ

α0,β0,γ 0

i − b1ξ
α0,β0,γ 0

i ξ
α0,β0

i

−b1ξ
α0,β0,γ ′

i ξ
α0,β0

i + b21
)

=
1

Pγ − 1∑
γ ′ ̸=γ

[
(1 + b1)2

4
(1 − 2b1) +

(1 − b1)2

4
(1 + 2b1)

−
1 − b21

2
+ b21

]
= 0. (B.20)
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ppendix C. Simulation on the continuous Hopfield model

.1. Dynamics of the two-layer network

The dynamics of the continuous Hopfield model in the two-
ayer network are given by

dh1
i

dt
= −h1

i +

∑
j

W 1
ij x

1
j +

∑
k

W 1,2
ik (t)x2k + Iext,1i , (C.1)

τ
dh2

i

dt
= −h2

i +

∑
j

W 2
ij x

2
j +

∑
k

W 2,1
ik (t)x1k + Iext,2i , (C.2)

xni =
1
π

arctan(8πhn
i ) + 0.5, for n = 1, 2, (C.3)

here hn
i and xni denote the synaptic input and the firing rate of

neuron i in layer n. τ is the time constant, and arctan(x) is the
nverse of the tangent function. Iext,ni the external input to layer n,
nd the difference between Iext,1i and Iext,2i is only in the strength.
In the continuous model, each element of a memory pattern

e.g., ξα,β,γ

i ) takes a value of 0 or 1. The recurrent connections be-
tween neurons in the same layer are constructed by the Hebbian
covariance learning rule, which are given by

W̃ 1
ij =

1
N

∑
α,β,γ

(
ξ

α,β,γ

i − ⟨ξ⟩α,β,γ

)(
ξ

α,β,γ

j − ⟨ξ⟩α,β,γ

)
, (C.4)

W̃ 2
ij =

1
N

∑
α,β

(
ξ

α,β

i − ⟨ξ⟩α,β

)(
ξ

α,β

j − ⟨ξ⟩α,β

)
, (C.5)

W n
ij = anr

W̃ n
ij

|W̃n|
, for n = 1, 2, (C.6)

where ⟨ξ⟩∗ is the mean activity of all neurons averaged over all
memory patterns in the layer ∗, |W̃n

| =

√∑
ij(W̃

n
ij )2/N2, and anr

are positive constants.
Similar to the recurrent connections, the feedforward connec-

tions from low layer to high layer are given by

W̃ 2,1
ik =

1
N

∑
α,β,γ

(
ξ

α,β

i − ⟨ξ⟩α,β

)(
ξ

α,β,γ

k − ⟨ξ⟩α,β,γ

)
, (C.7)

2,1
ik = a21

W̃ 2,1
ik

|W̃2,1|
, (C.8)

where ⟨ξ⟩∗ is the mean activity of all neurons averaged over all
memory patterns in the layer ∗, |W̃2,1

| =

√∑
ik(W̃

2,1
ik )2/N2, and

a21 are positive constants.
We consider the feedback connections from layer 2 to 1, which

vary over time. At the early phase, the push feedback is applied,
which is written as

W 1,2
ik =

a+

NPγ

∑
α,β,γ

(ξα,β,γ

i − ⟨ξ⟩α,β,γ )(ξ
α,β

k − ⟨ξ⟩α,β ), (C.9)

where a+ is a positive number.
At the later phase, the pull feedback is used which is written

W 1,2
ik = −a−b1δik, (C.10)

where δik = 1 for i = k and δik = 0 otherwise, and a− is a positive
number.

Let us consider the memory pattern to be retrieved at layer 1
is ξα0,β0,γ0 . The external input to the first and top layers, which
conveys the memory pattern information, is set to be

Iext,n = an (ξ̃α0,β0,γ0
+ ση ), for n = 1, 2, (C.11)
i ext i i

361
Fig. C.8. Comparing network performances with the push–pull, only the push,
and only the pull feedbacks, respectively. With Pβ = 2, Pγ = 20, b1 = 0.3,
λ1 = 0.4, other parameters are the same as in Fig. 4 in the main text.

where ηi is a random number uniformly distributed in the range
of (−1, 1), representing the memory-independent noise, and σ

controls the noise strength. aext is a positive number.
The pattern ξ̃α0,β0,γ0 is the noise-corrupted signal, which is

constructed as follows: starting from the clean memory pattern
ξα0,β0,γ0 , we first randomly select λ1N number of neurons, with
0 < λ1 < 1, and change their values to match a sibling pattern
ξα0,β0,γ ′

, with γ ′
̸= γ0, which generates the intra-class noise; we

then randomly select λ2N number of neurons, with 0 < λ2 < 1,
and change their values to match a cousin pattern ξα0,β ′,γ0 , with
β ′

̸= β0, which generates the inter-class noise.

C.2. The effect of push feedback with different parameters

According to Fig. 5, it may appear that the pull feedback
is completely dominating, while the effect of push feedback is
negligible. Actually, this varies with the parameters. Below is
an example, which shows that applying only push actually out-
performs applying only pull, and when they are applied in the
right temporal order, the network has the best performance. In
general, we find that when the number of patterns is fewer (or
the duration of the external input is short), the push feedback
tends to have a larger contribution.

C.3. Dynamics of the three-layer network

Similar to the two-layer network in Appendix C.1, the dy-
namics of the three-layer network as shown in Fig. 6 are given
by

τ
dh1

i

dt
= −h1

i +

∑
j

W 1
ij x

1
j +

∑
k

W 1,2
ik (t)x2k + Iext,1i , (C.12)

τ
dh2

i

dt
= −h2

i +

∑
j

W 2
ij x

2
j +

∑
k

W 2,1
ik (t)x1k

+

∑
k

W 2,3
ik (t)x3k, (C.13)

τ
dh3

i

dt
= −h3

i +

∑
j

W 3
ij x

3
j +

∑
k

W 3,2
ik (t)x2k + Iext,3i , (C.14)

xni =
1
π

arctan(8πhn
i ) + 0.5, for n = 1, 2, 3, (C.15)

where hn
i and xni denote the synaptic input and the firing rate of

neuron i in layer n, respectively, τ the time constant, Iext,ni the
external input to layer n, n = 1 or 3.
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The recurrent connections between neurons in the same layers
are given by:

W̃ 1
ij =

1
N

∑
α,β,γ

(
ξ

α,β,γ

i − ⟨ξ⟩α,β,γ

)(
ξ

α,β,γ

j − ⟨ξ⟩α,β,γ

)
, (C.16)

W̃ 2
ij =

1
N

∑
α,β

(
ξ

α,β

i − ⟨ξ⟩α,β

)(
ξ

α,β

j − ⟨ξ⟩α,β

)
, (C.17)

˜ 3
ij =

1
N

∑
α

(
ξα
i − ⟨ξ⟩α

) (
ξα
j − ⟨ξ⟩α

)
, (C.18)

W n
ij = anr

W̃ n
ij

|W̃n|
, for n = 1, 2, 3 (C.19)

here ⟨ξ⟩∗ is the mean activity of all neurons averaged over all
emory patterns in the layer ∗, |W̃n

| =

√∑
ij(W̃

n
ij )2/N2, and anr

are positive constants.
Similar to the recurrent connections, the feedforward connec-

tions from low layer to high layer are given by

W̃ 2,1
ik =

1
N

∑
α,β,γ

(
ξ

α,β

i − ⟨ξ⟩α,β

)(
ξ

α,β,γ

k − ⟨ξ⟩α,β,γ

)
, (C.20)

W̃ 3,2
ik =

1
N

∑
α,β

(
ξα
i − ⟨ξ⟩α

) (
ξ

α,β

k − ⟨ξ⟩α,β

)
, (C.21)

W n+1,n
ik = an+1

n
W̃ n+1,n

ik

| ˜Wn+1,n|
, for n = 1, 2, (C.22)

where ⟨ξ⟩∗ is the mean activity of all neurons averaged over all
memory patterns in the layer ∗, |W̃n+1,n

| =

√∑
ik(W̃

n+1,n
ik )2/N2,

nd an+1
n are positive constants.

At the early phase, the push feedback connections from high
to low layer can be written as:

W 1,2
ik =

a1
+

NPγ

∑
α,β,γ

(ξα,β,γ

i − ⟨ξ⟩α,β,γ )(ξ
α,β

k − ⟨ξ⟩α,β ), (C.23)

W 2,3
ik =

a2
+

NPγ

∑
α,β

(ξα,β

i − ⟨ξ⟩α,β )(ξα
k − ⟨ξ⟩α), (C.24)

here a1
+

and a2
+

are positive numbers.
At the later phase, the push feedback connections are written

s:
1,2
ik = −a1

−
b1δik, (C.25)

W 2,3
ik = −a2

−
b2δik, (C.26)

where δik = 1 for i = k and δik = 0 otherwise, and a1
−
, a2

−
are

positive numbers.
The external input to the first and top layers is set to be:

Iext,ni = anext (ξ̃
α0,β0,γ0
i + σηi), for n = 1, 3, (C.27)

where ηi is a random number uniformly distributed in the range
of (−1, 1), representing the memory-independent noise, and σ

ontrols the noise strength. aext is a positive number.

ppendix D. Pre-processing real images with a deep neural
etwork

The dataset we use, chosen from ImageNet, consists of three
ypes (bird, cat and dog), and each type is made up of 4 sub-types.
hey are: (1) sub-types of bird: Cock, Eagle, Parrot, Ptarmigan;
2) sub-types of cat: Abyssinian Cat, Angora Cat, Burmese Cat,
gyptian Cat; (3) sub-types of dog: Border terrier, Cairn terrier,
ug Dog, Saint Bernard. We chose 100 images per sub-type. We
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re-scaled each image, with its width and height to be (256, 256),
and pixel values in the range of [0, 255]. After that, we presented
each image as an input to the VGG16 (Simonyan & Zisserman,
2014) (the VGG16 itself was pre-trained by ImageNet) and took
the neural activity before the reading-out layer as the neural rep-
resentation of the image, referred to as x̂ hereafter. Subsequently,
we normalized neural activities, i.e.,

xi = log(1 + x̂i), (D.1)

xi = ReLu(
x̃i − ⟨x̃i⟩

σx̃i
), (D.2)

where ReLU(·) = max(0, ·) is the rectified linear function, and ⟨̃x⟩
and σ̃x are the mean and standard deviation of neural activities
ver all images.
Finally, we generated memory patterns for the hierarchical

etwork. For a child pattern, it is given by
β0,γ0
i = (sign(⟨xi⟩β0,γ0 ) + 1)/2, (D.3)

where the average is over all the images belonging to the same
sub-type of animal.

The corresponding parent patterns are constructed to be

ξ
β0
i = (sign(⟨ξβ0,γ

i ⟩γ ) + 1)/2, (D.4)

where the average is over all child patterns belonging to the same
parent.

Appendix E. Simulation protocols

Fig. 2

The discrete network dynamics as given in Eqs. (1)–(2) are
used. The parameters are N = 1000, Pα = 2, Pβ = 3, Pγ = 15,
b1 = 0.15, b2 = 0.1, λ1 = 0.2 and λ2 = 0.1. The memory
patterns are generated according to Eqs. (A.1)–(A.3). In Fig. 2B,
the distributions of the intra-class interference Ci and the inter-
class interference C̃i are obtained by averaging over 10000 trials
using the theoretical results of Eqs. (B.10)–(B.11).

Fig. 3

The same network structure and parameters as in Fig. 2 are
used. In Fig. 3A&B, the target child pattern is ξ 1,1,1, and layer 2 is
fixed to be at the parent pattern ξ 1,1. The retrieval accuracy m1,1,1

is calculated by Eq. (4). In Fig. 3B, the mean retrieval accuracies of
sibling and cousin patterns are given by

∑
i̸=1 m

1,1,i/(Pγ − 1) and∑
i m

1,2,i/Pγ , respectively, and they are measured at the moment
of 40 simultaneous updates and obtained by averaging over 100
trials. In Fig. 3C, the distribution of the new noise term C∗

i are
obtained by averaging over 10 000 trials using the theoretical
result of Eq. (B.13).

Fig. 4

The continuous Hopfield model as introduced in Appendix C.1
is used. The parameters are: N = 2000, Pγ = 25, Pβ = 4,
Pα = 2, b1 = 0.2, b2 = 0.1, τ = 5, a1ext = 1, a2ext = 0.1,
a1r = 1, a2r = 2, a21 = 2, a+ = 1, a− = 8, δt = 0.02τ ,
λ1 = 0.1, λ2 = 0.1 and σ = 0.05. The times for applying
the external input, the push feedback, and the pull feedback
are (0 − 6)τ , (1 − 2)τ , and (2 − 3)τ , respectively. In Fig. 4A,
the mean neural activity ⟨x⟩ is obtained by averaging over all
neurons in layer 1. In Fig. 4B, the retrieval accuracy is calculated
by Eq. (4). In Fig. 4C–F, the retrieval improvement is calculated by
(m − m /m ), with (m ) and m
with−fb without−fb without−fb with−fb without−fb
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epresenting the retrieval accuracies with and without feedback,
espectively. The statistical results are obtained at the moment
f 5τ by averaging over 50 trails, and error bars indicate the
tandard error of the mean (SEM).

ig. 5

The same network model and parameters are used as in Fig. 4.
he statistical results are obtained at the moment of 5τ by aver-

aging over 50 trails.

Fig. 6

The dynamics of the three-layer network as shown in Fig. 6
are introduced in Appendix C.3. The parameters are: N = 1000,

γ = 25, Pβ = 4, Pα = 2, b1 = 0.2, b2 = 0.2, τ = 5, a1ext = 1,
a3ext = 0.1, a1r = 1, a2r = 2, a3r = 3, a21 = 6, a32 = 6, a1

+
= 6,

2
+

= 2, a1
−

= 5, a2
−

= 7, δt = 0.02τ , λ1 = 0.15, λ2 = 0.15 and
σ = 0.05. Two rounds of push–pull feedback are applied. Each
round lasts for 2τ , with the push and pull feedbacks lasting for
1τ . The feedback starts at 0.2τ . The results are measured at the
moment of 5τ and averaged over 100 trials.

Fig. 7

The two-layer network model is used. The parameters are:
N = 4096, a1r = 1, a2r = 2, a1ext = 6, a2ext = 1, a+ = 2, a− = 1.5,
a21 = 1. The time for applying the external input is (0 − 5)τ ,
for the push feedback is (1 − 2.4)τ , and for the pull feedback is
(2.4−3.8)τ . Other parameters are the same as in Fig. 4. In Fig. 7E,
the novel images (cars) are first pre-processed as described in
Appendix D to get the corresponding neural representations. The
mean network responses for the novel and familiar (birds, cats
and dogs) objects are obtained by averaging over 20 randomly
chosen images.
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